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$B^{n}=\{x\in \mathbb{R}^{n}|\Vert x\Vert\leq 1\}$
$\mathcal{P}_{t}(B^{n})$




$Y(x)=\theta f’(x)+\epsilon(x)$ . (1.1)
$f=(fi, f_{2}, \ldots, f_{N})$
$\theta=(\theta_{1}, \theta_{2}, \ldots, \theta_{N})$ $\epsilon(x)$ $x\in B^{n}$ $x\in B^{n}$





$M(\xi)=\int oe\in B^{n}f(x)’f(x)d\xi(x)$ .
$\theta$ $\theta$ $M(\xi)$
$\xi$
$\langle f, g\rangle_{\xi}=\int_{x\in B^{n}}f(x)g(x)d\xi(x)$














$\Phi_{0},$ $\Phi_{1},$ $\Phi_{\infty}$ $D,$ $A,$ $E$ $\Phi_{p}$-
[11,12]
$t$ $\xi$ $\Phi_{p}(\xi)$ $\xi$ $t$ $\Phi_{p}$- $\xi$
$M(\xi)=M(\xi\circ\gamma) , \forall\gamma\in O(\mathbb{R}^{n})$
5.




Farrell et al. [10], Pesotchinsky [25]
3 $\Phi_{p}$




3 $\epsilon$ K. Smith $191S$ [27]
4 $M(\xi)$ $P$ $M^{-p}(\xi)=P^{-1}diag(m_{1}^{-p}, \ldots, m_{N}^{-p}(\xi))P$





[15] $B^{n}$ $Y(x)$ Zernike
$O(\mathbb{R}^{n})$
Dette et al. [8], Bannai-Bannai $[3|,$
Neumaier-Seidel [23]
$Harm_{l}(\mathbb{R}^{n})$ $l$ $N_{l}=\dim(Harm_{l}(\mathbb{R}^{n}))$
8. $S_{1}=S_{1}^{n-1}=\{x\in \mathbb{R}^{n-1}|\Vert x\Vert=1\}$ $\rho=\rho_{1}$




$\mathcal{B}_{t}(\mathbb{R}^{n})=\{\Vert x\Vert^{2j}\phi_{l,i}(x)|0\leq l\leq t, 0\leq j\leq\lfloor\frac{t-l}{2}\rfloor, 1\leq i\leq N_{l}\}$
$(\mathbb{R}^{n})$ $\{\theta_{i,j,l}\}$
$Y(x)= \sum_{=\iota 0j=0}^{t}\sum_{i=1}^{L\frac{t-l}{\sum 2}\rfloor N_{l}}\theta_{i,j,l}\Vert x\Vert^{2j}\phi_{l,i}(x)+\epsilon(x)$ .
























$\rho_{r}$ $|S_{r}|= \int_{S_{r}}d\rho_{r}(x)$ 9. $O(\mathbb{R}^{n})$ $\overline{\xi}$
[17,18,23].
$\overline{\xi}(A)=\int_{0}^{1}\rho(r^{-1}(A\cap S_{r}))\tau(dr) , \forall A\in\mathcal{B}(B^{n})$.
$\rho=\rho_{1},$ $\tau$ $[0,1]$ $\mathcal{B}(B^{n})$ $B^{n}$
$O(\mathbb{R}^{n})$
2.1 ([23]). $\overline{\xi}$ $B^{n}$ $t$ $O(\mathbb{R}^{n})$
$\int_{x\in B^{n}}f(x)d\overline{\xi}(x)=\sum_{i=1}^{\lfloor t/2\rfloor+1}\frac{W_{i}}{|S_{r_{i}}|}\int_{x\in S_{r_{i}}}f(x)d\rho_{r_{i}}(x) , \sum_{i=1}^{\lfloor t/2\rfloor+1}W_{i}=1$
$r_{i},$ $W_{i}$
10, Kiefer [19]
2.2. $\xi^{*}$ $B^{n}$ 3 $\Phi_{p}$ $O(\mathbb{R}^{n})$ $\xi^{*}$





3 $\Phi_{p}$ $O(\mathbb{R}^{n})$ 2
1 $r$ $(0,1)$
$O(\mathbb{R}^{\mathfrak{n}})$ $r$ $W$ 2
$\Phi_{p}$ $r$ $W$ 2 $r$ $W$





$X$ $\mathbb{R}^{n}$ $w$ $X$ $X$ $\{\Vert x\Vert|x\in$
$X\}=\{r_{1}, \ldots, r_{q}\},$ $r_{1}>\cdots>r_{q}$ , $X_{i}=X\cap S_{r_{t}}$ , $W_{i}= \sum_{x\in X_{i}}w(x)$ , $S= \bigcup_{i=1}^{q}S_{r_{i}}$
2.3. $(X, w)$ $f\in \mathcal{P}_{t}(\mathbb{R}^{n})$
$\sum_{i=1}^{q}\frac{W_{i}}{|S_{r}.|}\int oe\in S_{r}.$ $f$ $)$ $d\rho ri$
$(x)=o \sum_{e\in X}w(x)f(x)$
$(X, w)$ $q$ $S$
2.4. $(X, w)$ $q$ 2t- $B^{n}$ $\Phi_{p}$ $t$
$O(\mathbb{R}^{n})$ $f\in \mathcal{P}_{2t}(\mathbb{R}^{n})$
$\int_{x\in B^{n}}f(x)d\xi^{*}(x)=\sum_{i=1}^{q}\frac{W_{i}}{|S_{t}i|}\int_{x\in S_{r}}f(x)d\rho_{r_{i}}:(x)$
$(X, w)$ $\Phi_{p}$ $B^{n}$ 2t-
$\Phi_{p}$ Tchakaloff



















$G$ $n$ $O(\mathbb{R}^{n})$ $f\in \mathcal{P}_{t}(\mathbb{R}^{n})$ $\gamma\in G$ $f$
$(\gamma f)(x)=f(x^{\gamma^{-1}}) , \forall x\in \mathbb{R}^{n},$
$\gamma\in G$ $\gamma f=f$ $G$ $\mathcal{P}_{t}(\mathbb{R}^{n})$ ,
$Harm_{t}(\mathbb{R}^{n})$ $G$ $\mathcal{P}_{t}(\mathbb{R}^{n})^{G},$ $Harm_{t}(\mathbb{R}^{n})^{G}$
$(X, w)$ (i), (ii) $G$
(i) $X$ $G$- $x_{1}^{G},$ $x_{2}^{G},$ $\ldots,$ $x_{M}^{G}$
(ii) $x_{i}^{G}$ $y,$ $y’\in x_{i}^{G}$ $w(y)=w(y’)$ .
Sobolev [28]
3.1 ([28]). $G$ $O(\mathbb{R}^{n})$
(i) t- $(X, w)$ $G$






3.2 ([24]). $G$ $O(\mathbb{R}^{n})$ $X= \bigcup_{k=1}^{M}r_{k}x_{k}^{G}$ $x_{k}\in S_{1},$ $r_{k}>0$
(i) $(X, w)$ $G$
(ii) $1\leq l\leq t,$ $0 \leq j\leq L\frac{t-l}{2}$ $\varphi\in Harm_{l}(\mathbb{R}^{n})^{G}$ $\sum_{x\in X}w(x)\Vert x\Vert^{2j}\varphi(x)=0.$
$G$ [5].
$1=d_{1}\leq d_{2}\leq\cdots\leq d_{n}$ $G$ exponent

















3.4 (Bajnok ). $n\geq 3$ $S^{n-1}$
t- $t$ 7
$z_{k}=k^{-1/2} \sum_{i=1}^{k}e_{i}$ $\mathcal{X}(\mathcal{B}_{n}, J)=\bigcup_{k\in J}r_{k}z_{k}^{\mathcal{B}_{n}}$ $r_{k}>0,$ $J\subset$
$\{1,2, \ldots, n\}$ 14
2 $S_{1}\cup S_{r},$ $(0<r<1)$ $\mathcal{B}_{n}$ 6- $(\mathcal{X}(\mathcal{B}_{n}, J), w)$
$X_{1}= \bigcup_{k\in J\backslash \overline{J}}z_{k}^{\mathcal{B}_{n}}, X_{2}=\bigcup_{k\in\overline{J}}rz_{k}^{\mathcal{B}_{n}},$
$\tilde{J}\subset J$
$\overline{14_{ j . }}$
$| \mathcal{X}(\mathcal{B}_{n}, J)|=\sum_{k\in J}2^{k}(\begin{array}{l}nk\end{array})$
30
3.5. $(X_{1}\cup X_{2}, w)$ $\mathcal{B}_{n}$ 6-
$0= \sum_{k\in J\backslash \tilde{J}}w_{k}\frac{2^{k+1}}{k^{2}}(\begin{array}{ll}n -1k -1\end{array})(1-3 \frac{k-1}{n-1})=\sum_{k\in\tilde{J}}v_{k}\frac{2^{k+1}}{k^{2}}(\begin{array}{l}n-1k-1\end{array})(1-3\frac{k-1}{n-1})$ , (3.1)
$0= \sum_{k\in J\backslash \overline{J}}3w_{k}\frac{2^{k+1}}{k^{3}}(\begin{array}{ll}n -1k -1\end{array})(1-15 \frac{k-1}{n-1}+30\frac{(k-1)(k-2)}{(n-1)(n-2)})$ (3.2)
$+ \sum_{k\in\tilde{J}}3v_{k}r^{6}\frac{2^{k+1}}{k^{3}}(\begin{array}{l}n-1k-1\end{array})(1-15\frac{k-1}{n-1}+30\frac{(k-1)(k-2)}{(n-1)(n-2)})$ ,
$W=1- \sum_{k\in J\backslash \tilde{J}}w_{k}2^{k}(\begin{array}{l}nk\end{array})=\sum_{k\in\tilde{J}}v_{k}2^{k}(\begin{array}{l}nk\end{array})$ , (3.3)
$w(x)=w_{k},$ $k\in J\backslash \tilde{J},$ $w(x)=v_{k},$ $k\in\tilde{J}$
: $S_{n}$
$sym(f):=\frac{1}{|(\mathcal{S}_{n})_{f}|}\sum_{g\in S_{n}}f(x^{g})$
$(S_{n})_{f};=\{g\in S_{n}|f(x^{g})=f(x)\}$ 3.3 $\dim(Harm_{2}(\mathbb{R}^{n})^{\mathcal{B}_{n}})=0,$
$\dim(Harm_{4}(\mathbb{R}^{n})^{\mathcal{B}_{n}})=1$ ,
$\dim(Harm_{6}(\mathbb{R}^{n})^{\mathcal{B}_{n}})=\{\begin{array}{l}1 n\geq 3;0 n=2\end{array}$
$Harm_{4}(\mathbb{R}^{n})^{\mathcal{B}_{n}},$ $Harm_{6}(\mathbb{R}^{n})^{\mathcal{B}_{n}}$ $f_{4},$ $f_{6}$
:
$f_{4}(x)$ $:=$ sym$(x_{1}^{4})- \frac{6}{n-1}$ sym$(x_{1}^{2}x_{2}^{2})$ ,
$f_{6}(x);=$ sym$(x_{1}^{6})- \frac{15}{n-1}$ sym$(x_{1}^{2}x_{2}^{4})+ \frac{180}{(n-1)(n-2)}$sym$(x_{1}^{2}x_{2}^{2}x_{3}^{2})$ , $n\geq 3,$
3.2 $f_{4}(x),$ $f_{4}(x)\Vert x\Vert^{2},$ $f_{6}(x)$ (3.1), (3.2)
(3.3) $W$
3.2
3.5 $\Phi_{p}$ Sl $\cup$ s $\mathcal{B}_{n}$ 6- ( $\Phi_{p}$
$\mathcal{B}_{n}$ 6- ) Bajnok [1] $\mathcal{B}_{n}$
3 [15] $|J|=3$
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$\Phi_{p}$ 15. $|J|\geq 4$
$|J\backslash \tilde{J}|>|\tilde{J}|$
3.2.1 $|J|\geq 4$
3.6. (Yi, wi), i $=$ 1,2, $S_{1}$ 6 $r$
$w$ $(Y_{1}\cup rY_{2}, w)$ 2 $S_{1}\cup S_{r}$ 6
: 6 $f$ $\iota$
$\frac{W_{1}}{|S_{1}|}\int_{S_{1}}f(x)d\rho(x)+\frac{W_{2}}{|S_{r}|}\int_{S_{r}}f(x)d\rho_{r}(x)=\frac{W_{1}}{|S_{1}|}\int_{S_{1}}f(x)d\rho(x)+\frac{r^{t}W_{2}}{|S_{1}|}\int_{S_{1}}f(x)d\rho(x)$
$=W_{1} \sum_{x\in Y_{i}}w_{1}(x)f(x)+r^{t}W_{2}\sum_{x\in Y_{2}}w_{2}(x)f(x)$
$= \sum_{x\in Y_{1}}(W_{1}w_{1}(x))f(x)+\sum_{x\in Y_{2}}(W_{2}w_{2}(x))f(rx)$
.
$(Y_{1}\cup rY_{2}, w)$ 6 $w$ $w(x)=W_{1}w_{1}(x),$ $x\in Y_{1},$
$w(x)=W_{2}w_{2}(r^{-1}x),$ $r^{-1}x\in Y_{2}$
3.6 $\Phi_{p}$ $\mathcal{B}_{n}$ 6
3.7. $n=3m+2,$ $(n\geq 5)$ $p$
(i) $J=\{1,1, m+2, m+2\},\tilde{J}=\{1, m+2\}$ $\Phi_{p}$ 6
$(X_{1}\cup X_{2}, w)$ $\gamma\in O(\mathbb{R}^{n})$ $(X_{1}\cup X_{2}^{\gamma}, w)$
$\Phi_{p}$ 6
(ii) $m$ $J=\{1, (m+2)/2, m+2,3m+2\}\tilde{J}=\{(m+2)/2,3m+2\}$
$\Phi_{p}$
$\mathcal{B}^{n}$ 6 $(X_{1}\cup X_{2}, w)$
$\gamma\in O(\mathbb{R}^{n})$ $(X_{1}\cup X_{2}^{\gamma}, w)$ $\Phi_{p}$ $\mathcal{B}^{n}$ 6
: $n=3m+2$ 3.5 $X_{1},$ $X_{2}$




15 $n=3m+1$ $\Phi_{\infty}$ $\mathcal{B}_{n}$ 6
$7mk_{1}k_{3}=-76(m+1)\{3(m+1-k_{1})(m+1-k_{3})+2(k_{1}-1)(k_{3}-1)+2m\}$
$m,$ $k_{1},$ $k_{2}(\leq n)$ $m\leq 2012$
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3.8. $p\in\{0,1, \infty\}$ $m,$ $n,$ $J,\tilde{J}$ :
(i) $n=3m,$ $1\leq m\leq 10.$ $J=\{1,1, m+1,3m, 3m\},\tilde{J}=\{1,3m\}.$
(ii) $n=3m+1,1\leq m\leq 10.$ $J=\{1,1, m+1,3m+1,3m+1\},\tilde{J}=\{1,3m+1\}.$
(iii) $n=6,7.$ $J=$ {1,2,3,4,5}, $\tilde{J}=\{2,5\}.$
(iv) $n=8.$ $J=$ {1,2,3,5,7} and $\tilde{J}=\{3,7\}$ , or $J=$ {1,2,3,6,7} and $\tilde{J}=\{3,7\}.$
(v) $n=10.$ $J=$ {1,2,3,5,7} and $\tilde{J}=\{3,5\}$ , or $J=$ {2,3,4,7,8} and $\tilde{J}=\{3,7\}.$
$\Phi_{p}$
$\mathcal{B}^{n}$ 6 $(X_{1}\cup X_{2}, w)$
3.6 $|J|=5$
3.9. $p\in\{0,1, \infty\}$ $m,$ $n,$ $J,\tilde{J}$ :
(i) $n=3m+2,$ $m\geq 1.$ $J=\{1,1, m+1, m+2,3m+2\}$ and $\tilde{J}=\{1, m+1\}.$
(ii) $n=3m+2,$ $m\geq 3.$ $J=\{1,2, m+1, m+2,3m+1\}$ and $\tilde{J}=\{1, m+2\}.$
(iii) $n=6m+2,$ $m\geq 1.$ $J=\{1, m+1,2m+1,6m+2,6m+2\}$ and $\tilde{J}=\{m+1,6m+2\}.$
(iv) $n=6m+2,$ $m\geq 1.$ $J=\{1, m+1, m+2,6m, 6m+2\}$ and $\tilde{J}=\{m+1,6m+2\}.$
$\Phi_{p}$
$\mathcal{B}^{n}$ 6 $(X_{1}\cup X_{2}, w)$
$\gamma\in O(\mathbb{R}^{n})$ $(X_{1}\cup X_{2}^{\gamma}, w)$ $\Phi_{p}$ $\mathcal{B}^{n}$ 6
3.3
k, v, $\lambda$ $0\leq t\leq k\leq v$ $v$ $V$ $V$
$k$ ( $k$ ) $\mathcal{B}$ $V$ $t$ $T$ $\mathcal{B}$





$t-(v, k, \lambda)$ $v\cross b$ $I=[(v_{i}, B_{j})]$
$(v_{i}, B_{j})=\{\begin{array}{l}1 v_{i}\in B_{j},0 v_{i}\not\in B_{j}.\end{array}$
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$s,$ $l,$ $L,$ $\mu$ 1 $-1$ $L\cross l$- $s$ , $l$ ,
$\mu$ $OA(L, l, 2, s)$ $L\cross l$ $s$ $L$
$2^{s}$ $(-1,1)$ $s$ $\mu$
$\mu=L/2s$
$G$ $\mathbb{R}^{n}$ 16, $\tau(x)$ $x$
$v_{k}^{(\alpha,\beta)}= \alpha\sum_{i=1}^{k}e_{i}+\beta\sum_{i=k+1}^{n}e_{i}$
Victoir [30] $t$ 17 cubature
cubature
$\mathcal{B}_{n}$
3.10. (i) $\mathbb{R}^{n}$ $2t$




$b_{i}$ $i=1,$ $\ldots,$ $l$ , $t$
$J_{n,b_{t}}$ $n\cross b_{i}$ 1 $\alpha_{i}I_{i}+(\beta_{i}-\alpha_{i})J_{n,b_{i}}$
$\sum_{i=1}^{p}\frac{W_{i}}{|S_{r}:|}\int_{x\in S_{r}}f(x)d\rho_{r}::(x)=\sum_{i=1}^{\iota}$












3.11. $(X, w)$ $\Phi_{p}$ $\mathcal{B}_{n}$ $2t$ 3.10
$\Phi_{p}$
3.12. 3.7 $n=8,$ $J=\{2,2,8,8\},\tilde{J}=\{2,8\}$ 736 $\Phi_{p}$
$\mathcal{B}^{n}$ 6 $n=8$ $\Phi_{p}$ $\mathcal{B}^{n}$ 6
$OA(2^{7},8,2,6)^{18}$ 480 $\Phi_{p}$ 6
480 $\Phi_{p}$ 6 $J=$ {1,1,4,4},
$\tilde{J}=\{1,4\}$ $3-(8,4,1)$
4






. $G$ : $\max_{x\in B^{n}}f(x)M^{-1}(\xi)f’(x)$ ;. $I$ : $\int_{x\in B^{n}}f(x)M^{-1}(\xi)f’(x)dx=trM_{f}M^{-1}(\xi)$ ;( $M_{f}=$
$\int_{x\in B^{n}}f’(x)f(x)dx.)$
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